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Subfactor quantum $6j$ -symbol





, , 2 , factor ( )
$N\subset M$ , subfactor (
) , 1980 $\mathrm{V}.\mathrm{F}$ .R. $\mathrm{J}\mathrm{o}\mathrm{n}\mathrm{e}\dot{\mathrm{s}}([\mathrm{J}])$ ,
‘\mbox{\boldmath $\gamma$}\sim \tilde . [J]
Jones , Jones index $\mathrm{I}\mathrm{I}_{1}$ subfactor
, principal graph, dual principal graph ,
. , subfactor Jones index 1/2
Perron-Frobenius ( $[\mathrm{E}\mathrm{K}|,$ $9$ ). , index
4 ( 4) subfactor (dual) principal graph
$A,$ $D,$ $E$ Dynkin diagram ( )
, . , ,
, . , paragroup , Jones
index (dual) principal graph Ocneanu
, Ocneanu, Popa, Izumi, Kawahigashi
, $A_{n},$ $D_{2n},$ $E6,$ $E_{8}$ (index 4 subfactor ,
Dynkin diagram) . (principal graph dual
principal graph , , Dynkin .) paragroup
, hyperfinite $\mathrm{I}\mathrm{I}_{1}$ subfactor , paragroup
subfactor . Iridex 4 hyperfinite $\mathrm{I}\mathrm{I}_{1}$ subfactor
, (dual) principal graph subfactor $\text{ },$.
1 , 2
, , $E_{6}$ subfactor, .
, (dual) principal graph , Jones , subfactor
, higher relative commutant
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. Ocneanu , , subfactor




, bipartite graph, , ,
, , .
, principal graph
$NNN$ , $NM\otimes_{M}M_{N}$ , $NM\otimes_{M}M\otimes_{N}M\otimes_{M}M_{N}$ , ...
, ,
$NM_{M}$ , $N\otimes_{M}M\otimes_{N}M_{M}$ , $NM\otimes_{M}M\otimes_{N}M_{M}$ , . ..
. , $X$ bimodule, $Y$
bimodule , X-Y ,
$\#(X- Y)=\dim \mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{X}\otimes_{\mathrm{N}}\mathrm{M}_{\mathrm{M}}, \mathrm{Y})$
. $\mathrm{H}_{\mathrm{o}\mathrm{m}}(\mathrm{X}\otimes_{\mathrm{N}}\mathrm{M}_{\mathrm{M}}, \mathrm{Y})$ , $X\otimes_{N}M_{M}$ $Y$ intertwiner
$-$




$\mathrm{b}_{\mathrm{l}\mathrm{m}\mathrm{o}\circ}\mathrm{u}\mathrm{l}\mathrm{e}$ 7J’ V\supset Ji5lPTX (.” $\mathrm{U}^{\backslash }$ , Frobenius
$\mathrm{H}\mathrm{o}\mathrm{m}$( $\mathrm{X}\otimes_{\mathrm{N}}$ MM, $\mathrm{Y}$ ) $\cong\cdot \mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{Y}\otimes_{\mathrm{M}}\mathrm{M}_{\mathrm{N}}, \mathrm{X})$
. Dual principal graph , $MM_{M}$ , principal graph
$MMN,$ $NMM$ .
– ,
subfactor , finite depth . (index 4 finite depth
, Perron-Frobenius .)
2
3 Quantum $6j$ -symbol
, ,
, bimodule graded fusion algebra ,
, fusion rule algebra quantum $6j$ -symbol
. , hyperfiinite $\mathrm{I}\mathrm{I}_{1}$ subfactor
. ( $6j$ -symbol , (dual) principal graph
, subfactor , paragroup
$\text{ ^{ }}.)$ Bimodule $6j$ -symbol ,
. , subfactor bimodule ( , (dual) principal graph
bimodule ) $A,$ $B,$ $C,$ $D,$ $X,$ $Y$ . $N$ ,
$M$ ,
. $Y\otimes_{?}A$ , $Y$
$A$ – , ?
. , $AY$
. Hilbert
$\mathcal{H}_{EF}^{G}:=\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{E}\mathrm{F}, \mathrm{G})$ , $\mathrm{E},$ $\mathrm{F},$ $\mathrm{G}$ bimodule
, $S_{EF}^{G}$ . , ,
, :
$\sigma_{1}\in S_{AX}^{B}$ , $\sigma_{2}\in s_{YB}^{D},$ $\sigma 3\in s^{c_{A}}Y$ ’ $\sigma_{4}\in S_{C}^{D}x$
,
, $6j$ -symbol .
( $\mathrm{u}g\mathrm{e}$ choice) , $6j$ -symbol , gauge
.
3
subfactor $6j$ -symbol ,
, fusion rule algebra graded , ,
. ,
$\mathcal{X}:=$ { $X_{N}$ $|N$-Nbimodules}
, , ,
$6j$ -symbol . $\mathcal{X}$ 2
, $6j$ -symbol
( , – ).
, $\text{ }$ , subfactor $6j$ -symbol ,
3 .
4
section $6j$-symbol , ,
. Bimodule , ,
, . , ,
fusion rule $6j$ -symbol –
,
, . ,
$\mathrm{I}\mathrm{I}_{1}$ subfactor , –
1 ,
, ,




, $6j$ -symbol , Tensor category –
. Tensor category , super selection sector
, ( ,
) , endomorphism ,
bimodule . , ,
III , $\mathrm{I}\mathrm{I}_{1}$ , III factor
$\mathrm{M}$ endomorphism $\rho$ , $\rho$ , III subfactor
$\rho(M)\subset M$ . $\mathrm{I}\mathrm{I}_{1}$ subfactor Jones index III
, , $\rho$ $\mathrm{I}\mathrm{I}_{1}$ $\mathrm{b}\mathrm{i}\mathrm{m}\dot{\mathrm{o}}$dule $NM_{M}$
. $\mathrm{M}$ endomorphism , , conjugate
, $\cdot$ $\rho 0\overline{\rho}0\rho 0\ldots$ endomorphism ,
$\mathrm{I}\mathrm{I}_{1}$ bimodule . intertwiner
, $M$ . Sector $\eta,$ $\xi,$ $\phi,$ $\phi’$ , intertwiner
4
$(\eta, \xi)$ $S$ , $\mathrm{i}\mathrm{d}_{\phi}\otimes S\in(\phi\eta, \phi\xi)$ , $\mathrm{i}\mathrm{d}_{\phi}\otimes S=\phi(S),$ $S\otimes \mathrm{i}\mathrm{d}\phi’\in(\eta\phi’, \xi\phi’)$
, $S\otimes \mathrm{i}\mathrm{d}_{\phi’}=S$ , tensor category , $\mathrm{I}\mathrm{I}_{1}$
subfactor , intertwiner , $6i$ -symbol . ([I])
,
. , Izumi , Tensor category
intertwiner , Cuntz $c*$ , automorphism
$\text{ ^{ }},$ $\text{ }$ Cuntz automorphism
, sector (subfactor) , $6j- \mathrm{s}\mathrm{y}\mathrm{m}\mathrm{b}_{0}1$
. $([\mathrm{I}])$ sector (subfactor)
, , $E_{6}$ subfactor , ,
[AH] index $(5+\sqrt{13})/2(>4)$ subfactor
$([\mathrm{I}2])$ . , ,
$E_{6}$ subfactor $6j$ -symbol , .
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